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ABSTRACT

We prove an analytic factorization theorem in the setting of the recently
developed theory of operator spaces. We especially obtain the following
result: Let A be a C*-algebra and H be a Hilbert space. Let ¢ be an
element of H°(CB(A, B(H))), i.e. a bounded analytic function valued in
the space of completely bounded maps from A into B(H). Then there exist
a Hilbert space K, a representation m: A — B(K), o1 € H*®(B(H, K)) and
p2 € H®(B(K, H)) such that [lp1leo llp2llee < llplloo and:

Vz€ D, Va€ A, o(z)(a) = p2(2)m(a)p1(2).

We also prove an analogous result for completely bounded multilinear
maps. The last part of the paper is devoted to a new proof of Pisier’s
theorem about gamma-norms.

1. Introduction

A few years ago, Haagerup and Pisier [HP] proved the following analytic factor-
ization theorem:
Let A be a C*-algebra and let ¢ € H*°(A*). Then there are a Hilbert space
K, a representation 7: A — B(K), ¢1 € H®(K) and ¢ € H*(K*) such
that [|¢1lleoll@2lle0 < [l¢lloo and:

Vae A, VzeD (p(2))(a) = (r(a)er(2), pa(2))-
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The purpose of this paper is to study various generalizations of this result in
the setting of completely bounded multilinear maps. One of the most striking
results in the theory of completely bounded maps is the representation theorem
by Christensen and Sinclair [CS1]. Our first motivation was to obtain an analytic

form of this. In section 4, we will prove the following:

THEOREM 1.1: Let Aq,...,A, be C*-algebras. Let E,F be Hilbert spaces.
Let ¢ € H*(CB(An x --- X A1, B(E,F))). Then there exist Hilbert spaces
K; (1 <1 < n), representations wm;: A; — B(K;) and analytic functions ¢y €
H®(B(E, K1), ¢n € H®(B(Kn, F)), i € H(B(Ki, Kiy1) (1< <n—1)
such that:

(i) ”‘POHOO lealloo - < - lenlloo < lllloos
(i1) ¥V (an,--.,a1) € Ap x -+ X A1, Yz € D:

(p(2))(an,---,01) = en(2)mn{an)on-1(2) ...... v1(2)m(a1)po(2).

Before going further, let us explain the notation in the preceding statement.

Welet D = {z € C| || < 1} be the open unit disc. Let X be a complex Banach
space. We denote by H°°(X) the space of all bounded functions f: D — X
equipped with the (complete) norm: ||f|lcc = Sup,cp [If(2)|lx-

As usual, we denote by B(E, F) the space of all bounded linear maps from
E into F. The notation CB(A, X --- X A}, B(E, F)) stands for the space of
completely bounded multilinear maps from A, x - -- x A; into B{(E, F'). The nec-
essary definitions will be given below. For a wide information about completely
bounded maps, we refer the reader to [Pa] and [CS2].

Along this paper, we will frequently use results and ideas from the theroy of op-
erator spaces which was recently developped by Blecher-Paulsen [BP], [B1], [B2],
Effros-Ruan [ER1], [ER2] and others. We will especially use the link between
the representation of completely bounded maps and Hilbert space factorizations
(see [ER2], [B2]).

In section 2, we review some definitions and results about operator spaces which
will be used further and prove simple results about Hilbert space factorizations.

In section 3, we state and prove our main result from which Theorem 1.1 will
be deduced in section 4. The remainder of this fourth section is devoted to some
corollaries of Theorem 1.1 which are inspired by results from [HP]. For example,
we obtain that given two Hilbert spaces E, H, and a C*-algebra A C B(H), any
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bounded analytic function valued in C B(A4, B(E)) can be extended to a bounded
analytic function valued in CB(B(H), B(E)).

In section 5, we are interested in gamma-norms. These norms were introduced
in [Pil] where Pisier especially proved various generalizations of Sarason’s fac-
torization theorem [S]. New developments about these norms may be found in
[Pi4]. Many of the results in [Pil] are based on an analytic factorization theorem
for gamma-norms. We give a new proof of this theorem, stated below as The-
orem 5.1. It should be noticed that using Pisier’s Theorem 5.1, it is not hard
to show that the proof of our Theorem 1.1 reduces to the particular case when
n =1 (see Remark 5.5). To emphasize the difference between our approach and
Pisier’s one, we notice that the originate proof of Theorem 5.1 heavily relies upon
the lifting of the commutant theorem due to Nagy and Foias [NF]. Conversely,
Sarason’s factorization theorem (which is known to be the dual formulation of
the Nagy-Foias theorem) appears as a corollary in our work (see Remark 4.7).

We end this introduction by a warning: along this paper, we will not use
the natural identification between a Hilbert space H and its dual H*. For any

T: H — K, we denote by T*: K* — H* its transposed map.

ACKNOWLEDGEMENT: We thank Gilles Pisier for helpful discussions and useful

explanations about gamma-norms.

2. Preliminaries about operator spaces

We first recall some basic definitions about operator spaces. We follow [BP],[B1],
[ER1], [ER2]. Let X be a complex Banach space. Let us assume that for any
n > 1, we are given a norm on the matrix space M, (X). For any z € M, (X)

and y € M, (X),welet r Py = (g 2) € M, 4 (X). Then we consider two

properties about the matrix norms on X:

(21) VrEMa(X),Vy € Mn(X), llzoyll=max {|z], |y},

(22)  Va € Mpm,V 2 € Mn(X),V8E€ Mmn, ozl < |l Iz} 18]l

Ruan’s representation theorem [R, ER3] states that X satisfies (2.1) and (2.2)



384 C. LE MERDY Isr. J. Math.
iff there is an embedding X C B(H) for some Hilbert space H such that:

Vz = [:L‘ij] € Mn(X),

n

n n
el = sup {(3 13 2 l?) | b€ B, S gl <1}
i=1  j=1 j=1

This means that all the embeddings M,(X) C B(¢2(H)) are isometries. In
such a case, X is called an operator space. The norms on the spaces M, (X)
determine unique norms on rectangular matrices spaces Mye(X) obtained by the
natural inclusion of any Mye(X) in a square matrices space. It is well-known
that for a C*-algebra A, all the C*-algebraic embeddings A C B(H) provide
the same norms on the spaces M, (A). Therefore, given a C*-algebra A, we will
always assume that it is endowed with this intrinsic system of matrix norms.
More generally, given two Hilbert spaces E, F, we will assume that B(E, F) is
endowed with the matrix norms defined by the identifications

Let X,Y be two operator spaces. Let u € B(X,Y). We define u(™: M, (X) —
M (Y) by ™ ([zi;]) = [u(zi;)]. We let |julles = Sup,>; [[u{™||. We say that
u is completely bounded (in short ¢.b.} provided that ||ul|cs < +00. We denote
by CB(X,Y) the resulting Banach space. Let u € CB(X,Y). We say that u
is completely contractive (in short c.c.) provided that ||ul|. < 1. We say that
u is completely isometric provided that for any n > 1, u(™ is an isometry. A
completely isometric isomorphism v € CB(X,Y) allows us to identify X and ¥
as operator spaces. Such an identification will be denoted by “X = Y”. To avoid
confusion, we will keep the symbol “=" to mention a Banach spaces identification.

We now turn to the Haagerup tensor product. Let X,Y be operator spaces.
Given z = [ri) € Mpp(X) and y = [yx;] € Mpa(Y), we define 20y € M, (X ®

h
Y)by 20y = [3.5_, Zik ® yk;|. The space X ® Y is defined as the completion
of X ® Y equipped with the following matrix norms. For any n > 1 and any
vVEML(X®Y), we let:

l[ofl = inf {[lz]} lyll | € Mnp(X), y € Mpn(Y), v=z 0Oy}

h
These norms satisfy (2.1) and (2.2). Therefore, by Ruan’s theorem, X ® Y is an
operator space. It is called the Haagerup tensor product of X and Y. We recall



Vol. 88, 1994 ANALYTIC FACTORIZATIONS 385

that the Haagerup norm is injective, but it is not commutative. Moreover it is
associative. This allows us to consider the Haagerup tensor product X, (§> e <§>
X of a finite family (X, ..., X;) of operator spaces.

Let Xi,...,X,,Y be operator spaces. Let ¢: X, X --- x X; = Y be a
bounded multilinear map. It may be viewed as a linear map from X, ®---® X;
to Y. We say that ¢ is completely bounded if and only if it defines a completely
bounded map &: X, é é X1 — Y. We then let ||¢llcs = ||&]|co- We denote by
CB(X, x -+ x X1,Y) the resulting Banach space and of course CB(X,, x + -+ x

h R

X1,Y)=CB(X, ® --- ® X1,Y). The multilinear analogue of the Wittstock—
Stinespring representation theorem for completely bounded maps is the following
theorem by Paulsen and Smith:

THEOREM 2.1 ([PS, p. 272]): Let X; C B(H;) (1 < i < n) be operator spaces.
Let E, F be Hilbert spaces. Let ¢: X, x --- x X; — B(E, F) be a completely
bounded multilinear map with ||¢||c < 1.

Then there exist Hilbert spaces K;(1 < i < n), representations n;: B(H;) —
B(K;)(1 < i < n) and contractions Ty: E — K1,T,,: K, — F and T;: K; —
Kit1(1 <i<n—1)suchthat: @(xn,...,21) = TnTpn(Ts) Tney ... Th m1(z1)Tp.

In the particular case when X;,..., X, are C*-algebras, Theorem 2.1 had been
previously proved by Christensen and Sinclair [CS1]. Thus, as mentioned in the
introduction, Theorem 1.1 may be viewed as an analytic version of Christensen
and Sinclair’s theorem.

Let us now point out some more operator spaces that will be used in this
paper. Let X,Y be operator spaces. Let u = [u;;] € M,(CB(X,Y)). We can
regard u as a map from X to M,(Y) by letting u(x) = [u;;(z)]. The resulting
identification

Mo (CB(X,Y)) = CB(X, Mn(Y))

defines a norm on M,(CB(X,Y)). These norms satisfy (2.1) and (2.2). There-
fore, when endowed with these matrix norms, CB(X,Y) is an operator space.

In the particular case Y = C, we get X* as an operator space. Namely, we have
M, (X*) = CB(X, M,). When it is equipped with this operator space structure,
X* is called the standard dual of X (see [B1] for a complete information). The
standard duality of operator spaces is very useful since we have:

(2.3) Vue B(X,Y),  |lulles = [[u"lce
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(see [ER1, th 2.2] or [BP, th 2.11]).

Let H be a Hilbert space. Following [ER2], we denote by H. the operator
space structure on H given by the identification H, & B(C, H). It is called the
column operator structure on H. Similarly, we denote by H, the so-called row
operator structure on H given by H, = B(H*,C). The notation H} will stand
for (H*),, i.e. B(H,C).

We are now ready to state an identification result which will be of crucial use
in the sequel.

Let G be an operator space, let E,F be Hilbert spaces. Let u €
CB(G,B(E,F)). We can regard u as a trilinear form @ on F* x G x E by
letting 4(f*, g,€) = (u(g){e), f*). The map u — @ gives rise to:

(2.4) CB(G, B(E, F)) = (F* ® G & E.)"
(see [ER2, cor 4.6]).

In particular (E = C), we have for any operator space G and for any Hilbert
space F:

h *
(2.5) (Ff ® G)'® CB(G, F,).
In the very particular case when G = C, we get for any Hilbert space F:
(2.6) (F)* 2 F,.

The last part of this section is devoted to connections between completely
bounded multilinear maps and Hilbert space factorizations. This subject was
especially studied in [ER2, Section 5] (see also [B2] and [BP]). Using Effros and
Ruan’s method, we can get the following:

PROPOSITION 2.2: Let V,W be two operator spaces. Let A C B(E) be a third
operator space and let T: W x A x V — C be a bounded trilinear map. Let
T: A — B(V,W*) be the map canonically associated to T i.e.: (T())(v), w) =
T(w, a,v).

Then ||T | < 1 iff there exist a Hilbert space H, a representation 7: B(E) —
B(H) and 0 € CB(V,H,), T € CB(H.,,W*) such that: (|7||s <1, |lo||le < 1
and: Va € A, T(a)=Tow(a)oo.

H"9, g

UT~ l

v L@, py
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Proof:  We prove the "only if” part. Let us assume that ||T||cs < 1. We first
apply Theorem 2.1 to T. We then obtain Hilbert spaces H, K, K5, a representa-
tion m: B(E) — B(H), restrictions of representations 71: V — B(K;),my: W —
B(K3) and contractions Ty: C — Ky, Tp: K —» C, S1: K1 —» H, S3: H — K,
such that for all (y,a,x) € W x AxV, T(y,a,z) = Tama(y)S2m(a)S1m1(x)T;. We
define 0: V — H.and 71: W — H} by o(z) = Sy1m1(2z)T1 and 11 (y) = Tema(y)Ss.
We clearly have ||o||cs < 1,]|71]|es < 1. Moreover, as (T(a)(x),y) =T(y,a,z), we
have T(a) = 77 o 7(a)oo. We now let 7 = 7. Then the result follows from (2.6)
and (2.3). The “if” part can be proved by similar arguments; we omit it. 1

Let V, Z be operator spaces. Following the notation in [ER2], we denote by
I'2(V, Z) the space of linear ¢: V — Z for which there exist a Hilbert space
H,o0 € CB(V,H.), T € CB(H.,Z) such that ¢ = 7 00. We define v5(p) =
inf {||7]|cs|lo]lc} Where the infimum runs over all possible factorizations. s is a
complete norm on I'y(V, Z). In the particular case A = C, Proposition 2.2 gives
us the following identification:

PRroPOSITION 2.3 ([ER2, th 5.3]): Given operator spaces V, W:
h
Lo(V,W*) = (W @ V)~

Remark 2.4: In the paper [ER2], Effros and Ruan actually defined an operator
space structure on I's(V, W*) for which the identification in Proposition 2.3 holds
in the operator space sense. However, we will not make use of this stronger result.
|

For the computation of the norm in CB(V, H.) (or in CB(V, H,)) we will use
the following simple result which is undoubtly well-known:

PROPOSITION 2.5: Let V' be an operator space, let H be a Hilbert space.
(i) For any w:V — H,:

~ 1/2 1
nuncb:Sup{(ZuumnP) 1E HSI}-
=1 Zn

(ii) For any w: V — H,:

s = s { (3 Iutal?) ] o )l < 1}
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Proof: 'We only prove (i). We let:

il = sup { (Shute®) [ ) <1}
i=1 Zn

hy
For any hy,...,h, in H, ||( : ) “M o (2 [Ihil[?)*/2. Therefore, |||ull| =

u(zy "
s {[|

) .
i ||( ) I< 1}, hence [full] < flulls
u(zn) Ty

Conversely, let us consider = = [z;;] € M,(V) and t4,...,t, € C.
(SIZwan]) " = (Cfu( e [)
) J 2 J
<Ml () |,
< Il (3 1512) .
J

This proves that ||ul|es < |||ul|. |

3. The main result

Our main result is an abstract factorization theorem from which Theorem 1.1
will be deduced in section 4. It may be seen as an analytic version of Proposition
2.2 in the case when A is a C*-algebra.

THEOREM 3.1: Let X,Y be operator spaces. Let A be a C*-algebra.

Let p € H®((Y é) A (% X)*). Then there exist a Hilbert space H, a represen-
tation m: A — B(H), ¢1 € H®(CB(X,H.)) and ¢y € H®(CB(Y, H?)) such
that:

lle1lleo ezl < llelloo  and

V(z,9,0,2) ED XY x AX X2 ¢(2)(y,a,2) = (n(a)p1(2)(x), p2(2)(y))-

The proof of Theorem 3.1 will be based on three lemmas. The first one deals
with the classical Hardy spaces of vector valued analytic functions. Let us recall
their usual definition.
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Let X be a Banach space and let p € {1, +o0[. Welet T={z€ C | |z] =1}
and we denote by dt the normalized Lebesgue measure on T. For an analytic
function z: D — X, we let

llzll, = OEI:EI (/Il‘ Hx(reit)”';’(dt) 1/P.

We denote by HP(X) the space of those functions for which ||z||, < +o0. As is
well-known, (HP(X),| ||,) is a Banach space. This definition clearly generalizes
that of H*°(X) given in the introduction of this paper. We simply denote by H?
the space HP(C). Let us denote by Sx € B(HP(X)) the usual shift operator on
HP(X) defined by:

Ve € HP(X),Vz€ D, (Sx(z))(2) = zz(2).

Definition 3.2: Let E,F be Hilbert spaces. Given u € B(HZ%(E), HX(F)),
we say that u is a module map provided that w o Sg = Sp ou. We de-
note by mB(H?(E), H*(F)) the subspace of these maps. Let G be an oper-
ator space. Given u € CB(G, B(H*(E), H%(F))), we say that u is a module
c.b. map provided that u(g) is a module map for any ¢ € G. We denote by
mCB(G, B(H?(E), H%(F))) the subspace of these maps. |

We have an obvious identification:
(1)  mCB(G, B(HY(E), HXF))) = CB(G,mB(H*(E), HY(F))).

The following result is well-known; we omit its proof.
SUBLEMMA 3.3: Let E,F' be Hilbert spaces. Let ¢ € H*(B(E, F)). We de-
fine g: H2(E) — H*(F) by 3(e)(z) = p(z)(e(z2)) for any e € H?(E). Then
the linear map ¢ +— @ is an isometric isomorphism from H*(B(E, F)) onto

mB(H(E), HX(F)).

We wish to settle an analogous identification result in the framework of c.b.

maps.

LEMMA 3.4: Let G be an operator space. Let E, F' be Hilbert spaces. For any
¢ € H*(CB(G, B(E, F))), we define 7(p): G — mB(H?(E), H:(F)) by:

7(0)(9)(e)(2) = (¢(2)(9))(e(2)) for any g € G,e € H*(E).
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Then 7: H®(CB(G, B(E, F))) —» mCB(G, B(H*(E), H¥(F))) is an isometric
isomorphism.

Proof: Sublemma 3.3 yields a natural inclusion
H>(B(E,F)) C B(H*(E), H*(F)).

This embedding defines an operator space structure on H°(B(E, F)). It is worth-

while to notice that we have an isometric isomorphism:
(3.2) Mo(H®(B(E, F))) = H*(Ma(B(E, F))).

That folllows from Sublemma 3.3 again.
Now let ¢ € H*(CB(G, B(E, F))). We may define 3: G —+ H*®(B(E, F)) by
?(g)(2) = ¢(2)(g) for any g € G. Since

lello = Sup {llp(z)™(9)ll / z € D,n > 1,9 € Ma(G), |lg]| < 1}
-it follows from (3.2) that {|¢|[cc = ||@l|cs- Consequently, we have
H*(CB(G, B(E, F))) = CB(G,mB(H?(E), H}(F))).
From (3.1) we then get:
H*(CB(G, B(E,F))) = mCB(G, B(H*(E), H*(F))).
It is now easy to check that the isometric isomorphism which provides the iden-

tification above is 7, and the proof is complete. |

We now turn to the second lemma. It is the most important tool in the proof
of Theorem 3.1. It should be compared with Proposition 2.2. Note that in this
latter result, the space A was only assumed to be an operator space. See Remark
3.8 for more about this.

LEMMA 3.5: Let V,W be two operator spaces. Let A be a C*-algebra. Let
T: Wx AxV — C be a completely contractive trilinear map. Let T: A —
B(V,W*) be the map canonically associated to T. Assume that we are given two
c.c. maps s;: V — V and sy: W — W such that: Va € A, T(a) = s3T(a)s,.

Then there exist a Hilbert space K, a representation p: A — B(K), an isometry
S € B(K) and a € CB(V,K,.), 8 € CB(K.,W*) such that:

(3-3) (i) llefiee <1, (1) [IBllee <1,
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(3.4) asy = Sa,
(3.5) Va € A, p(a)S = Sp(a),
(3.6) Va € A, T(a) = Bp(a)a.

Remark 3.6: (i) In the statement above, we may always assume that K =

Span{p(A)a(V)} by using obvious restrictions. Hence we get an additional prop-
erty for free:

(3.7) 8388 = .
Indeed, given a € A, we have:
s3BSp(a)a = s38p(a)as; by (3.5) and (3.4)
= 53T(a)s; by (3.6)
=T(a)
= fBp(a)a by (3.6) again.
Since K = Span{p(A)a(V)}, we obtain (3.7). |

(ii) Let us assume that there is a map r: W* — W* such that sjr = Idw-
and T(a)s; = rff(a) for any a € A. Of course, we have f(a) = s T(a)sl for any
a € A. The interesting point in this particular case is that (3.7) is strengthened
as follows:

(3.8) BS =rp.

Proof of Lemma 3.5: We may apply Proposition 2.2 to the trilinear map T.
Herce we get the following factorization diagram:

g9, g
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for some Hilbert space H, a representation m: A — B(H) and completely con-
tractive maps ¢ € CB(V, H.),7 € CB(H.,,W*). For any N > 1, we define Hy
as the direct sum of NV copies of H with the following norm:

1/2
V(ha,...,hn) € H x - x H, [|(hy,..., hx ||_( Z”th?) :

Let F be a free ultrafilter on N* and let A = (H v H N) /F be the ultra-
product of (Hn)n>1 corresponding to F.

Let N > 1. We define ay: V — Hy by ay(z) = (o(z),081(x), 053(z),. ..,
0s¥~1(z)). Clearly, we have |lay| < ||o||. Therefore we can define a bounded
linear map ag: V — H by letting ag(z) = (an(z))n>1-

The main point in this definition is that for any z € V:

1/2
(3.9) loo(z)]) = hm( Znasl(w n2)

NeF
We claim that:

(3.10) ap € CB(V,H,), laolles < 1.

T
: ) € Mp1(V). For any k > 0,

To check this, we use Proposition 2.5. Let z = (
Tn

we have: n
> llo sh@)]*< llo shII%, lle®
i=1

Since [|ols < 1 and ||s1]les < 1, we have ||jo s’f”cbg 1. Therefore, we obtain for
any N> 1:

n N-1
(311) % 3 lost@lPs i
i=1 k=0
Thus, (3.9) and (3.11) imply: Y&, [leo(z:)||? < ||z||%. The statement (3.10)
clearly follows from this inequality and Proposition 2.5 (i).

Let N > 1 and a € A. We denote by 7x(a) the operator on Hy defined by the
action of 7(a) on each component of Hy = H & --- & H. Obviously, my: A —
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o~

B(Hy) is a representation, hence we can define a representation #: A — B(H)
by letting:

(3.12) #(a)((Aw)nz1) = (Tn(8)AN) g5,

for any a € A and Ay € Hy.

Now let K = Span{#(A)ag(V)}. Since A is an algebra, K is an invariant
subspace of H for any #(a). Therefore we can define a representation p: A —
B(K) by restricting # to K. Denoting by Px the orthogonal projection from H
onto K, we let @ = Pgag. Of course (3.10) leads to (3.3)(i). Note that we have
p(a)a = #(a)ag for any a € A. The interesting point in the definitions of o and
p is that:

P

(3.13) Ya; € A,\Vz; €V, nz plai)a(z:)||= ||Z p(ai)asl(:ci)H.

i=1

Indeed, for any N > 1, we have:

|1Z7rN(a,->aN(ac»||"’—||_ZwN(a,-)aNsl(oci)||2
(3.14) =1 =t

_ 1 “Z,, W(ai)mutn\i w(ai)o sy (@) ]
N
=1 =1

Clearly, the F-limit of the right member in (3.14) is zero. On the other hand,
the left member tends to ||3°7_; p(ai)a(x,-)”2—“2f=1 p(ai)asl(xi)||2 by (3.12),
and then (3.13) follows. This property (3.13) allows us to define an isometry
S € B(K) by letting:  S(¥F_; plai)a(x:))= Y5, plai)asi(x;). We clearly

obtain:
(3.15) Vae A, Sp(a)a= p(a)as;.
Let a,b € A.
S p(a)p(b)a = S p(ab)a
= p(ab)as; by (3.15)
= p(a) S p(b)a by (3.15) again.
Therefore, S and p satisfy (3.5).
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Let us assume that A is unital. Then p(1) is the identity map Idg. Therefore
(3.4) follows from (3.15). In the case when A has merely an approximate identity
(e¢), the net p(e;) converges strongly to Idgx and we may argue as above to get
(3.4).

To complete the proof of this lemma, it remains to define a completely con-
tractive map 8 € CB(K., W*) which satisfies (3.6). For this purpose, the crucial
step will be the following:

CLAIM: Yy = (Y1,.-.,Yn) € M1 (W), Va,; € A, Vo €V (1<j<n, 1<qg<
p):

P 1/2
|Z y], T (agj)(zq5) ‘ < “y”(z H Zp agj)ed(Tq;5) ” )
=1

j=1 gq=1

Proof of the claim: Given k > 0, we have

|Z<yj,;f(aqj)<xqm
=120, 35 T (0o o)
=12 0ok, T a)sk o)
= 12 (68w, Srman)o stz
<l sl Il 3 13 w(aas)o i@l by 26)

Since ||7|lcs < 1 and ||sg||cs < 1, we have ||7*s%||., < 1 by (2.3). Therefore, we
obtain for any N > 1:

| S5 3 To)wa)| < ||y||22(§ NZ b W(aqj)as’f(xqj)IF)
J q j k=0 ¢

Passing to the F-limit, we obtain the announced result. 1

We are now ready to end the proof of Lemma, 3.5. In the particular case when
n = 1, the claim yields:

(3.16) Iy, D T(ag) @)l < liyll 1| plag)a(za)ll
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forany y € W,a, € A,zo € V.
That means that we may define a contractive map 3: K — W* by letting

B(X_ plagalzy))= 3 T(ag)(xy)-
q q

Of course, 3 satisfies (3.6). Hence the remainder point is the fact that 3 is
cc. from K. into W*. We let y = (y1,.-.,¥n) € My (W) and ky,...,k, €
Span{p(A)a(V)}. Each vector k; may be written k; = 3~ p(aq;)a(zg;) for some
Tq; € Viag; € A. Note that B(k;) = >°_ T(aq;)(ze;). Therefore our claim means
that:

(3.17) | w8k < il (32 i)

We deduce from (3.17) and Proposition 2.5 (ii) that Bjw:W — KI isacc
map and then, (3.3)(ii) follows by (2.3). |

LEMMA 3.7: Let H be a Hilbert space. Let A be a C*-algebra. Let p: A —
B(H?(H)) be a representation such that p(a)Sy = Syp(a) for any a € A. Then
there exists a representation m: A — B(H) such that:

Vae A, n(a)®Idy: = p(a).
Proof: We use the well-known identification H = H%(H) © Sy(H%(H));

V(h,f,a) € H x H2(H) X Aa <p(a)h,SH(f)> = <haSHp(a*)f> =0.

Therefore p(a)(H) C H for any a € A. Let us denote by w(a) € B(H) the
restriction of p(a) to H. The resulting representation 7: A — B(H) is convenient.

ho ok
Proof of Theorem 3.1: Let p € H*((Y ® A ® X)*) with ||¢|lcc = 1. Following

A h
Lemma 3.4, we define 7(¢) € CB((Y ® A ® X), B(H?)) as the module c¢.b. map
h h
associated to ¢. Letting V = X ® (H?). and W = (H?)> ® Y, we know from
(2.4) that
ho h .. A R,
CB((Y ® A® X),B(H*))= (W AQV)".
We denote by T: W x A x V — C the trilinear c.c. map corresponding to 7(¢)
under this identification. We wish to apply Lemma 3.5 to T'. First recall that S¢
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denotes the shift operator on H2. Analogously, we denote by S¢ the corresponding
isometry on (H2)*. We now let s; = Idx ®Sc: V — V and 55 = Sc®Idy : W —
W. It is easy to check that s; and s are c.c. maps (see [BP prop. 5.11] for
example). Secondly, using (2.5), we obtain W* = CB(Y,(H?).). Let r: W* —
W* be the map induced by S¢c. Namely, we let (r(u))(y) = Sc(u(y)) for any
u € CB(Y,(H?).) and y € Y. We clearly have:

(3.18) s37 = Idw- .

Nowleta€ A,z € X, fe H?, y€Y, z € D. The formula

(T(a)(z ® /)))(2) = ¢(2)(y; a,7). f(2)

shows that:

(3.19) Va€ A, T(a)s; =rT(a).
The above properties (3.18) and (3.19) allow us to apply Lemma 3.5 and Remark
3.6 (ii). This yields a Hilbert space K, an isometry S € B(K), a representation
p: A — B(K) and two c.c. maps a € CB(V, K,.), 8 € CB(K., W*) which satisfy
(3.4), (3.5), (3.6) and (3.8).

Let Ko = (1,50 S™(K) and H = K©S(K). The space Ky is reducing for S and

n
Wold’s decomposition lemma states that K = Ko & H*(H) with S, g2 gy = SH.
We claim that:

(3.20) Bk, = 0.

To check this, we fix k € Ky and y € Y. For any n > 0, there exists k, € K such
that k = S™(k,). From (3.8), we get 8(k) = r"B(k,) hence (8(k))(y) € SR(H?).
Since ;5o SE(H?) = {0}, the statement (3.20) follows.

MoreO\;er, (3.5) ensures that p(a) (Ko) C Ky for any a € A. Consequently, we
have:

(3.21) Ya€ A, p(a)(H*(H))C H*(H).

Let us denote by ¢ the orthogonal projection from K onto H2(H). Replacing a
by ga, p(a) by p(a);n2(xy and 8 by B/n2(n), we get from (3.20) and (3.21) that

we can assume that:

(3.22) K =H*H), §=Sy.
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This reduction is very interesting since it enables us to identify a and 8 with
analytic functions valued in adapted spaces of ¢.b. maps. First note that a €
CB(V,(H%*(H)).). Now:

CB(V, (HX(H)).) = (HX(H)): & V)" by (2.5)
= ((H(H)), ® X & (H?).)"
= CB(X, B(H, H%(H))) by (2.4).

The map & € CB(X, B(H?%, H%(H))) corresponding to o under the above iden-
tification is defined by: Vx € X, Vf € H?, &(z)(f) = a(z ® f). Taking into
account (3.22), the commutation property (3.4) exactly means that & is a module
c.b. map. By Lemma 3.4 we deduce that there exist ¢, € H*(CB(X, H.)) with
fl#1]lc <1 and such that:

(3.23) Ve € X,Vz€ D, (p1(2))(z) = (a(z ® 1))(2).

A similar study of § € CB((H%*(H))., W*) leads to o € H®(CB(Y, H})) with
ll¥2]loo < 1 and such that:

(3.24) VyeY,Vhe HV ze€ D, {(v22))(w),h) = (B(h®1)(y))(2),

From (3.5), (3.22) and Lemma 3.7, we know that there is a representation m: A —
B(H) such that:

(3.25) Va € A, m(a) ® Idygz = p(a).

Let a € A,z € X,y € Y. We define f € H%(H) by letting f(z) = 7(a)(v1(2)(x)).
It follows from (3.23) and (3.25) that f = p(a)a(x ® 1). Reminding the reader
that (T(a)(m ® 1){(y) = ¢(. )y, a,z), we obtain from (3.6) that (8(f))(y) =
©(. }(y, a, z). On the other hand, (3.24) implies that

Vze D, (B(f)(¥)(2) = (p2(2)(y), f(2))-

Hence we have

Vze D, (m(a)pr(2)(x),p2(2)(¥)) = ¥(2)(v, a,7)

and this completes the proof. |
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Remark 3.8: 1t is easy to check that Lemma 3.5 can be stated under the as-
sumption that A is a unital operator algebra. In this case, we obtain a c.c.
homomorphism p: A — B(K) instead of a representation. However, in the proof
of Theorem 3.1, the self-adjointness of A is used in order to prove Lemma 3.7
and the property (3.21).

4. The analytic form of Christensen and Sinclair’s theorem

Our main goal is now to prove Theorem 1.1. As will be seen below, its proof is
a formal combination of two results which are both straightforward corollaries of
Theorem 3.1. These useful results are obtained by applying Theorem 3.1 in two
particular cases which are successively:

(a) X = E,.,Y = F¥ when E, F are Hilbert spaces.

(b)y A=C.

In case (a), (Y ® A & X)* = (F* ® A ® E.)* = CB(A, B(E, F)) by (2.4).
Thus Theorem 3.1 is a factorization result for any ¢ € H*(CB(A, B(E, F)). It
is not hard to check that this result is nothing but Theorem 1.1 in the particular
case n = 1.

In case (b}, (Y 6% A é X» =(Y é X)* = I'y(X,Y*) by Proposition 2.3.
Then Theorem 3.1 provides a factorization result which roughly says that for
any ¢ € H*(I'y(X,Y™)), the column Hilbert space factorization of ¢(z) may be
achieved in a way that preserves analyticity.

Let us now formulate these two results more precisely:

PROPOSITION 4.1: Let A be a C*-algebra. Let E,F be Hilbert spaces. Let
¢ € H*(CB(A,B(E,F))). Then there exist a Hilbert space H, a represen-
tation m: A — B(H),p; € H*(B(E,H)) and ¢, € H*®(B(H,F)) such that
lle1lloo llPzlloo < lleolleo and:

Vze D,\Va€ A, ¢(2)(a) = p2(2)m(a)pi(z).

PROPOSITION 4.2: Let X,Y be operator spaces. Let o € H*®(T'y(X,Y*)). Then
there exist a Hilbert space H, ¢, € H*(CB(X, H.)), and p2 € H*(CB(Y, H}))
such that ||¢1leo l¥2]loc < ||¢llco and:

V€D, ¢(2) = (p2(2))" 0 01(2).
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Remark 4.3: In Proposition 4.1, we could have written ¢, € H*(CB(E,, H.)),
w2 € H®(CB(H,, F.)). However, it is not really a stronger result since we have
B(E,H)=CB(E., H.) (and B(H,F) = CB(H,, F.)). This well-known result is
an easy consequence of (2.4).

Proof of Theorem 1.1: In view of Proposition 4.1, we may assume that n > 2.
We let ¢ € H*(CB(A, X -+ x Ay, B(E, F)). We may assume that [|¢]c = 1.
Taking into account the definition of c.b. multilinear maps and (2.4), we have
CB(Anx--x A1,B(E,F)) = (F} O A ® A @ E.)". Letting Y = F* &
Apand X = A, Q% G% Aq <§> E., we thus may consider ¢ as an element of

H>(T'2(X,Y*)) with corresponding norm equal to one. Let us apply Proposition
4.2 to . This yields a Hilbert space H,_; and analytic functions

~ h h h
0, € H°(CB(An-1® - ® A ® E., (Hp_1)c)

and h
Yn € H®(CB(F* ® An, (Ho_1)}))

such that |[¥n]leo < 1, [|fn]lec < 1 and:

1) Vap, X -+ Xa; € Ay x -+ x A1,¥(e, f*YE Ex F*Vze€ D
4.1 N N
(p(2)(@n, .. a1)e, f*) = (Yn ()" © @n),0n(2) (An-1®@ - @01 ® ff)}

Applying (2.4) twice, one gets:
h
(4.2) CB(F: ® An,(Hn-1)r) = CB(An, B(H,1, F)).
Similarly,
h

h h h h
CB(An—l R ® Al & Em (Hn—l)c): CB(A’n—l QR A17 B(E’Hn—l))a

hence we have:
(4.3)
h h h
CB(An—l Q- & Al ® Eca (Hn—l)c): CB(An—l XX AlvB(E»Hn—l))'

Let us denote by

¥n € H®(CB(An, B(Hn_1, F))), 0 € H®(CB(An_1 X - -+ x A1, B(E, Hn_1)))
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the analytic functions corresponding to 1,/;" and 5,1 under the identifications (4.2)
and (4.3). In this setting, (4.1) becomes:

Y(an,...,01) € Ap X --- X Ay, V2 € D:

e(2)(an,- .. a1) = Yo(2)an) 0 0,(2)(an—1,.--,a1).

It is clear that this process can be iterated. We thus obtain by induction that

(4.4)

there exist Hilbert spaces Hi,..., H,_; and analytic functions
¢1 € H®(CB(A1, B(E, H1)), 4, € H°(CB(An, B(Hp_1, F)))
and 1/),' € Hw(CB(Ai,B(Hi_l,Hi))) (2 <i<n- 1)
such that ||¢:]lcc <1 for all 1 <i < n and:

V(an,...,01) € Ay X - X Ay, Vz € D:

P(2)(@n, - - -,a1) = (Pn(2))(an) © (¥n-1(2))(@n-1) 0 -+ - o (¥1(2))(a1).
We now apply Proposition 4.1 to each bounded analytic function ¥; and the

(4.5)

result follows. [ |

Remark 4.4: 1t should be noticed that in the decomposition result stated as
(4.5), we do not need Aj,..., A, to be C*-algebras. This result is valid even

when Aj,..., A, are merely operator spaces.

Remark 4.5: Actually Proposition 4.2 is true without assuming the second space
to be a dual space. Namely we have:
Let X and Z be operator spaces. Let ¢ € H®(I'3(X, Z)). Then there exist
a Hilbert space H, p; € H*(CB(X, H.)), Y1 € H*(CB(H,,Z)) such
that (|01 leelltilloe < I6lloo and V2 € D, (z) = %1(2) 0 1(2).

Indeed, since the natural inclusion Z C Z** is completely isometric (by (2.3)),
we can consider ¢ as an element of H*°(T'y(X, Z**)). Thus we can apply to ¢ the
reasoning which led us to Theorem 3.1 in the particular case Y = Z2*, A = C.
Keeping the notation used in the proof of this theorem, we just have to check
that for any z € D, 3(2)* is valued in Z. Let us denote by V C CB(Y, (H?).)
the space of c.b. maps v: Y — (H?). such that for any z € D, y+~ (v(y))(2)
belongs to Z. V is nothing but the space of weak-star continuous c¢.b. maps
from Y = Z* into (H?).. It is not hard to check that the map 3: H%*(H) —
CB(Y,(H?).) which is built using Lemma 3.5 is valued in V. Therefore the
identity (3.24) implies that for any z € D, (2)* is valued in Z. 1
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Remark 4.6: Let p € [1, +00]. A well-known fact about vector valued HP-spaces
is that for any Banach space Z, any ¢ € HP(Z) can be written as ¢ = f1 with
f e HP,y € H®(Z) and ||f|pll¥llc = |l¢|lp- Therefore we may easily deduce
HP-versions of Theorem 1.1 from the previous H%-version. In the following
we keep the notation of Theorem 1.1. Let 1 < ry,...,r, < 400 such that
p= 3,1/

Consider ¢ € HP(CB(A,, x --- x Ay, B(E, F))). Then there exist spaces K;,
representations m;(1 < i < n) as in Theorem 1.1, 99 € H™(B(E, K1)), ¢n €
H™(B(Ky, F)) and ¢; € H"*(B(K;, Ki+1))(1 <i < n — 1) such that:

(i) Y(an, - ,a1) € Ay X --- X A1, V2 € D :

¢(2)(an, - - -, 01) = @n(2)mn(an)pn-1(2) - .. 1(2)m1(a)po(2)-

(i) lleollny ll@rllry - --llonllr, < llellp-
Of course, such a generalization to HP-spaces is also practicable in Theorem
3.1. We omit the obvious statement. |

Remark 4.7:  As a consequence of Proposition 4.2, we recover Sarason’s factor-
ization theorem which can be formulated as follows [S]:
Let E, F be Hilbert spaces. For any ¢ € H(Cy(E, F)), there exist a Hilbert
space H and two functions ¥, € H?(Co(E, H)), v2 € H%(C3(H, F)) such
that {1 l2ll2ll2 < (¥l and: ¥z € D,4(2) = 2(2) © ¥1(2)-

Here C, denotes the space of all nuclear operators whereas C; denotes the
space of all Hilbert-Schmidt operators. Let us sketch the proof of Sarason’s
theorem. First note that CB(E,, H.) = C2(E, H) for any Hilbert spaces E and
H (apply Proposition 2.5 (i) or see [ER2, corollary 4.5] or [Pi2, part 3, example
2]). Therefore Cy(E, F) = I'y(E,, F;). Thus taking into account Remark 4.6 and
(2.6), we obtain the result by applying Proposition 4.2 with X = E.,Y = FZ.
|

In what follows, we wish to exploit a well-known extension property of rep-
resentations. Let A, B be C*-algebras and let m: A — B(K) be a representa-
tion. Assume that A C B (as a C*-algebraic embedding). Then there exists
a c.c. map 7: B — B(K) extending 7. Let us consider C*-algebraic embed-
dings A; C B; (1 € i < n). Let E,F be Hilbert spaces. From the previous
point, an obvious consequence of Christensen and Sinclair’s theorem is that any
c.b. multilinear map T: A, X --- x Ay — B(E,F) admits a c.b. extension
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T: B, x --- x By — B(E, F) with ITlles = ITllce- Of course, our Theorem
1.1 has an analogous consequence in the framework of module c¢.b. multilin-
ear maps. Before stating this, we recall that Sublemma 3.3 yields an embedding
H>(B(E, F)) C B(H%*(E), H?(F)) which defines a natural operator space struc-
ture on H*(B(E, F)) (see the proof of Lemma 3.4). Thus we have:

COROLLARY 4.8: Let T: A, x -+ x Ay — H®(B(E, F)) be a c¢.b. multilinear
map. Then there exists a c.b. multilinear map T: B, X - - - x By — H>(B(E, F))
extending T with ||T||es = ||T|lc-

Remark 4.9: (i) The link between analytic factorizations and extension prop-
erties was first noticed in [HP, cor. 2.9] where Corollary 4.8 was proved in the
particular case whenn=1, E=F =C.

(ii) In the same manner, we can deduce from Theorem 3.1 an extension the-
orem. Namely, let us consider two C*-algebras A C B and two operator spaces
X,Y. Then every bounded map u: Y é A (%) X — H® has an extension
@Y ®B&X — H® with Jlu] = [&f. W

We now recall a definition from [HP|. Let X,Y be Banach spaces. Assume
that we are given a surjection ¢: X — Y. We denote by Q: H*(X) — H®(Y)
the natural map associated to g (i.e.: Q(¢)(z) = q(w(z))). We say that ¢ is an
H>-surjection (resp. metric H*-surjection) if Q is a surjection (resp. a metric
surjection). In the following, we keep the notation of Corollary 4.8. We denote by
q¢: CB(Bp x---xB1,B(E,F)) - CB(A, x---x A1, B(E, F)) the canonical map
defined by ¢(T) = T4, x...xa,. It follows from the discussion above Corollary
4.8 that ¢ is a metric surjection. Now we can restate Corollary 4.8 as follows:

COROLLARY 4.10: The canonical restriction map
q¢: CB(B, x ---x B1,B(E,F)) - CB(A, X --- x A1, B(E, F))

is a metric H*-surjection.

Remark 4.11:  Given operator spaces X,Y andamap ¢: X — Y, it is tempting to
say that ¢ is an H*-complete surjection (resp. metric H>-complete surjection)
if the maps ¢(™: M,(X) — M, (Y) are uniformly H*-surjections (resp. metric
H-surjections). We recall that:

Mn(CB(An x -+ x Ay, B(E, F))) = CB(An X -+ x A1, Mu(B(E, F))).
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Since M,(B(E, F)) = B({2(E),£2(F)), Corollary 4.8 clearly implies that the
canonical map ¢q: CB(Bp x ---x By, B(E,F)) — CB(A, x --- x A1, B(E, F))
is actually a metric H*°-complete surjection. |

Remark 4.12:  'We would like to mention a simple counter-example about tempt-

ing generalizations of Corollary 4.10. Let B be a C*-algebra such that L*(T) é
L*(T) C B (as an operator space embedding). Then the canonical surjection
g: B* — (L>=(T) G% L>(T))* is not an H-surjection. Indeed, let us assume that
q is an H*-surjection. By results of [HP], this implies that (L°°(T) é L>(T))*
has the analytic Radon-Nikodym property (see [HP] for the definition and refer-
ences). It is not hard to deduce from Grothendieck’s theorem (see [Pi3, th.5.19]
for example) that the injective tensor product L!(T) ® LY(T) is isomorphic to
a subspace of (L*(T) <§> L*>(T))*. Since L*(T) contains ¢2, the space L'(T) ®
LY(T) contains cp. As ¢y does not have the analytic Radon-Nikodym property,

we get a contradiction. |

Until now, we made crucial use of the operator space structures. However, it is
interesting to apply the method leading to Lemma 3.5 and Proposition 4.2 in the
framework of Banach spaces. We recall that given two Banach spaces M, N, and
a linear map w: M — N, we say that u factors through Hilbert space provided
that there are a Hilbert space H and two linear maps o: M — H,3: H - N
such that © = 3 o a. To avoid confusion with the norm v, defined in section
2, we denote by v# the norm which corresponds to this factorization. Namely,
~v8(u) = inf {||a]| ||8]|} where the infimum runs over all possible factorizations.
We refer to ([Pi3, chap.2]) for informations. Our method allows us to prove a
slight improvement of theorems 3.1 and 3.4 in [L]:

PROPOSITION 4.13: Let M, F be Banach spaces. Let 1 < p < +o00. Let N C
HP(F) be a shift-invariant subspace. Let s: M — M be a contraction. Let
u: M — N such that us = Spu. Assume that u factors through Hilbert space.
Then there exist a Hilbert space K and two operators a: M — H?(K), 3: H*(K)
— N, such that u = Ba, as = Ska, BSk = Spf and o8|} < 78 (w).

H?*(K)
7N
M Y N

Proof: Left to the reader. |
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Remark 4.14: In the preceding statement, § may be viewed as a module map
from HZ(E) into HP(F). It is not hard to show that this implies p € [1,2]
or 3 = 0. With the notation of Proposition 4.13, we then have the following
corollary: for any p €]2, +o0] and for any u: M — HP(F) such that us = Spu, u
factors through Hilbert space iff u = 0. ]

5. Connections with the gamma-norms

This section is devoted to the study of Pisier’'s gamma norms in the framework
of c.b. maps. In their paper [BP), Blecher and Paulsen discovered a very natural
link between gamma-norms and Haagerup norms. We will use that (see Lemma
5.3) to show that Pisier’s analytic factorization theorem about gamma-norms
(see Theorem 5.1 below) may be viewed as a restatement of our Proposition 4.2.

We first recall the necessary definitions about gamma-norms. We follow [Pil,
p.83]. Let X be a Banach space. Let I{X) be a subset of the set of all finite
families in X. We assume that there exist two constants ¢ > 0 and C > 0 for
which:

(5.1) VzeX, |zl <c= {a}e€I(X),

(5.2) Vo € X*, V{z1,...,z.} € I(X), D lo(z:)]* < C2lo|*
=1
Let H be a Hilbert space. Let A: X — H be a linear map. We set:

(5.3) 81(4) = Sup {O_ | Az:l)/? | {z1,...,za} € I(X)}.
i=1

We denote by D;(X, H) the set of all A: X — H such that 6;(4) < +co0 and
by (5.1), (D1(X, H),6,) is a Banach space.

Let us now consider another Banach space Y. We give ourselves a similar set
I(Y) and we define §; and D, analogously, using I(Y) instead of I(X). We
now introduce the space I'(X,Y™*) of all operators T: X — Y* for which there
exist a Hilbert space H and operators A € D1(X, H), B € Dy(Y, H*) such that
T = B*A. We then define v(T) = inf{61(A)d2(B)} where the infimum runs over
all possible factorizations. It is easily checked that (I'(X,Y™*),v) is a Banach
space. The norm 7 is called the gamma-norm associated to (8;,8;). We refer to

[Pi1] for various examples of gamma-norms. With the above notation, we have:
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THEOREM 5.1 ([Pil, th 2.3]): Let ¢ € H®(['(X,Y*)). Then there exist a
Hilbert space H, v € H*(Dy(X,H)) and ¢y € H®(Ds(Y,H*)) such that
le1llcoll2llon < llplleo and: ¥V z € D, @(2) = pa(2)" 0 ¢1(2).

The proof of Theorem 5.1 is an obvious combination of Proposition 4.2 with
the following:

PROPOSITION 5.2: There exist operator spaces X, , Y1 such that X; and X

(resp. Y1 and Y ) are isomorphic Banach spaces and for any Hilbert space H,
we have:

(5.4) Dy(X,H) = CB(Xy,H,),

(5.5) Dy(Y,H*) = CB(Y1, H}),

under the natural identifications given by those isomorphisms.
The proof of this proposition relies upon:

LEMMA 5.3:
(i) Let Z be a Banach space. Let K be a set of positive sesquilinear forms on
Z such that: Vz € Z, ||z|| = Sup{(6(z,2))? | 6 € K }. Then Z may be
endowed with an operator space structure for which:

(5.6)

veznes || 1] sw{( 0G) 1ocx)
n i=1

Zn

(ii) Assume that there is a Banach space X, such that X} = Z and K C
X, ® X,. Then part (i) can be obtained so that Z is the standard dual of
an operator space structure on Xj.

Proof: Part (i) was first proved in [BP, p.279-281]. A short proof is given in
[Pi5, prop. 4.8]. Using the construction given in this latter proof, it is not hard
to obtain (ii). The details are left to the reader. L]

Proof of Proposition 5.2: We only sketch it. Let us introduce:

K={Y =05 {z,. .2} €I(X)} cX®X.
1=1
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For any ¢ € X*, we set || = sup{ (6(p, ¢))Z| 8 € K }. The assumptions (5.1)
and (5.2) ensure that |.| is a well-defined equivalent norm on X*. We now let
Z = (X*,|.]) the resulting Banach space. Actually Z is the dual space of some
Banach space X isomorphic to X. Now we may regard X as a subset of X ® X
and apply Lemma 5.3. It is then easy to deduce (5.4) from (5.6). Of course, the
proof of (5.5) is entirely similar. ]

—~

Remark 5.4: We keep the above notation. Let us consider the set I(X) of finite
families in X defined by:

T

{or- oz} eI & |||

Tn

<1

”Mnl(Xl)

Then Proposition 2.5 (i) and Proposition 5.2 imply that for any Hilbert space H
and any linear map A: X — H,

-~

61(A) = Sup {(Z IAZil%) /2] {1, ..., 2n} € T(X)}.

o~

By (5.3), this means that if we replace I(X) by I(X), we get the same norm é;.

o~

However, I(X) and I(X) may be different.

Example: Let us take for I(X) the set of all {zy,...,z,} such that > 5 | [lz:]|
< 1, or the set of all {x} such that ||z|| < 1. Then we have D;(X, H) = B(X, H).
Thus if we denote by (e;);>1 the canonical basis of £2, we obtain:

{z1,.. 2z} € IX) @ M) 1 ®e) < 1,
i=1
where II; denotes the 2-summing norm (see [Pi3] for the definition and necessary
information).

Remark 5.5: We proved that our Proposition 4.2 implies Theorem 5.1. Con-
versely, Proposition 4.2 may be viewed as a corollary of Theorem 5.1. Indeed, let
us consider two operator spaces X C B(H),Y C B(K). Let us define I(X) and
I(Y) by :

1
T1,...,Zot € I(X @“ : ” <1,
{z1 } € I(X) ) Mo ()
. Tn

{yl’ . "yn} € I(Y) Aad “(ylv' . "y")”Mln(Y) <1
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Let us define é; by (5.3) and 83 similarly. Then by Proposition 2.5, D(X, H) =
CB(X,H.) and Dy(Y,H}) = CB(Y,H}). Hence Proposition 4.2 follows from
Theorem 5.1. 1

We end this section by a last improvement of Theorem 1.1 which is closely
related to the previous results. Let E, F be Banach spaces. We may define
matrix norms on B(E, F) by letting M, (B(E, F)) = B({2(E), {2(F)). It should
be noticed that these norms do not satisfy (2.1) and (2.2) (except for the case
when E, F' are Hilbert spaces). However, we may obviously define c.b. maps
valued in B(E, F). Let us now recall Pisier’s theorem [Pi2] about this notion :

Let G C B(H) be an operator space. For any u: ¢ — B(E, F), ||lulle <1
iff there are a Hilbert space K, a representation m: B(H) — B(K) and two
contractions a: £ — K, 8: K — F such that:

VgeG, wu(g)=08n(g)a

In other words, the Wittstock—Stinespring theorem extends to this setting
with no change. By an obvious reiteration, we can deduce that Theorem 2.1 also
remains valid when E and F are Banach spaces. Our last result is:

THEOREM 5.6: The statement of Theorem 1.1 holds when E,F are merely

Banach spaces.

Proof: 'We just consider the case n = 1 and leave the general case to the reader.
We give ourselves a C*-algebra A and two Banach spaces E, F.

Let us first assume that F is a dual space, we let F = Y™*. It is clear from
above that E and Y may be equipped with operator space structures such that
for any Hilbert space H, B(E,H) = CB(E,H,.) and B(Y,H*) = CB(Y,H})
(see the example in Remark 5.4). Hence Proposition 2.2 and Pisier’s theorem
lead us to the identification CB(A4,B(E.F))=(Y (%) A 6% E)*. Tt is now easy
to check that applying Theorem 3.1 to (Y é A <§> E)* gives us the expected
result on CB(A, B(E, F')). The general case may be easily deduced from above,

using a similar argument as in Remark 4.5. 1
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